A toy model is introduced in order to understand the conceptual framework of the protein folding problem.
Denaturation of proteins has been of strong interest for both biological and theoretical physicists for a long time.
1 A denatured protein can fold into a native three-dimensional structure which is coded by the amino acid sequence in the primary structure of the protein.
2 It has been a long standing problem to answer the following questions:
(1) How does the protein find a pathway to the folded structure quite rapidly from astronomically many possibilities of the structure? -Levinthal paradox 3 ; (2) Is the native structure unique? -Unique ground state problem 4 ; (3) What is the relationship between the native folded structure and the amino acid sequence? -The second genetic code problem.
5
There have been mainly three approaches to study the protein folding (PF) problem: One is the experimental determination of the PF. 5, 6 In this approach, submillisecond laser pulse spectroscopy experiments 6 have revealed the nature of the relaxation process from unfolded to folded structures in the PF. The second is the so-called inverse PF problem. 7, 8 In this approach, it has been conjectured that the structures of the order of a thousand are realized in the real PF in Nature and the other structures are obtained by a combination of these structures. The third is the computer associated determination of the PF. There have recently appeared many theoretical investigations. 9 In this approach, one mimics a protein as a selfavoiding linear chain of heteropolymer placed on a three-(or two-) dimensional cubic (or square) lattice. Then, given an amino acid sequence with defining potential 87.10.+e, 87.15 .By * E-mail: kazumoto@stannet.ne.jp differences, one searches by computer to find the lowest configurational energy out of many configurations of folded structures. However, since there is the limit of computer power and time, one must be restricted to usually adapt a finite N ×N ×N (= N 3 sites, N = 3 ∼ 5) cubic lattice for the purpose. Therefore, even if one successfully obtains the lowest energy state of the folded protein, one cannot answer the above questions from this approach, so far. Hence, one needs a much more different approach to understand the conceptual framework of the PF problem, which is sufficient to conceptually answer the above problems. In this paper, I would like to present such an alternative approach, considering a toy model 10 for the PF problem.
In solid state physics, it is very well-known that a solid is constructed by closepackedly piling up single building blocks -unit cells, and the varieties of solids appear from symmetry of the unit cells.
11 This concept has recently been extended to nonperiodic solids -the so-called quasicrystals, where the building blocks are a combination of several unit segments of different shapes and the varieties of quasicrystals appear from the way of piling up the unit segments.
12 Thus, the whole macroscopic geometry of a solid is governed by the microscopic geometry of the unit cell. In the sense that the native structure of a protein is governed by a sequence of 20 types of amino acids to make a close-packed compact structure, the PF problem seems similar to that of solid state physics. One now would like to ask whether or not such unit cells or segments which dominate the whole geometry of the folded structure of proteins exist in the PF. Is there any example for this? Yes, there are simple models which satisfy the above condition. One is the Rubik's magic snake model. 10 Another is the Fuller's tensegrity model 13 where there are many varieties of the models. Although the Fuller's tensegrity models are more realistic to the PF problem, I would like to restrict myself to consider only the former in this paper. Because even if the model is so simple, there still exist many unsolved interesting problems within this model. The Rubik's magic snake 10 is constructed by 24 triangular segments, each of which has five surrounding faces where the top and bottom faces are right-angled isosceles triangles and three sides faces are two squares and one rectangle, respectively. The square face of one segment is attached to the square face of the nearest neighbor segment to make a chain of 24 triangular segments (Fig. 1) , and each segment can rotate around the faces such that mainly four directions of rotation are fixed to define four configurations of the adjacent two segments: cis (c) (no rotation of φ = 0
• ), trans (t) (rotation of φ = 180 • ), the right gauche (g + ) (rotation of φ = 90
• ) and the left gauche (g − ) (rotation of φ = 270 • ) positions, respectively. I now find simple geometrical constraints as c 4 = cccc = 1 which means that four successive operations of cis-configurations make a square segment -a cycle or loop of period of four and
means that an alternative six operations of the two types of gauche configurations make a cycle of period six. These can be regarded as defining relations for the free group made by strings of the four symbols, c, t, g + and g − . I now encounter a very similar problem to the Levinthal paradox 3 in this model. Since there are four possibilities of configuration coded by the four symbols, c, t, g + and g − , at each attached face and there are 23 such rotational faces, the total number of configurations of this magic snake is 4 23 ≈ 10 13 . Here each configuration is represented by a string (or word) of 23 letters of the four symbols such as
give some typical configurations: t 23 is a linear chain;
] the right (left) helix; t 10 cct 11 a hair pin;
Here ≈ means an equivalence relation:
means an exact loop without ends, the magic snake model must have ends so that the last g − is removed but the geometry of the chain is still a loop. This is the meaning of the equivalence relation. Therefore, a string representing a loop turns out to be equivalence unity. Thus, the set of four symbols forms an alphabet Λ for the folding problem [i.e., Λ ≡ {c, t, g
. Suppose that I need a second to flip the segment at each time. Then, to find a compact folded structure I need 10 13 seconds ≈ 10 5 years, which absolutely exceeds my life time. Therefore, if I search the folded structure in this way such as statistical random searching, then there is no hope for me to meet the desired structure in my life. However, I can easily find a folded structure within a few minutes! This situation seems very similar to the Levinthal paradox.
3 Hence, I would like to call this situation the model Levinthal paradox.
How can I find such a folded structure of the magic snake for a short time? As is recognized if one challenges to solve the toy model, a guiding principle to reach the folded structure is to find locally compact or close-packed structure: First, I pick up a local part in the chain to make a module 7, 8 as smallest as possible, which is the structure of period four (i.e., c 4 -structure). But this is impossible by volume exclusion (i.e., self-avoiding) of the magic snake chain. Second, I make the next smallest module of period six, which is possible. The shape of this part is a bit different from the loop of (g + g − ) 3 but locally close-packed represented
which can be regarded as an example of short-ranged local interaction of the chain.
5 I keep continuing the same procedure to find a final folded 502 K. Iguchi structure:
This procedure saves much time to find a folded structure as follows: I first make a six-segment module, the total number of configurations of which is 4 5 = 1024, and make the other three such modules, successively. And second I take all configurations of the four modules, where the total number of the configurations is 4 3 = 64. Hence, the total number of configurations of the four modules is about 1024 × 64 = 4 8 ≈ 6.6 × 10 4 . Therefore, time to find the folded structure is of the order of 6.6 × 10 4 s = 1.1 × 10 3 min = 18 h. In this way, to find a locally close-packed structure is very significant for the PF problem, which may solve the Levinthal paradox in the real PF problem.
Is the compact folded structure unique? No, contrary to the expectation in the real PF problem, 1-9 the folded structure of Eq. (1) is not unique but there are many other possible configurations. This is a consequence of the loop structure of the folded structure. There are two end square faces in the magic snake model. These meet each other at the same position in the loop of Eq. (1), which can be regarded as an example of long-ranged nonlocal interaction of the chain.
5 Unless this loop structure is a real loop gluing the end faces, there appear 24 possibilities to place the meeting position of the pair of end faces in the loop. This is mathematically represented by considering all cyclic permutations of the string given by Eq. (1) 
. Thus, the structure of Eq. (1) has 24 geometrically equivalent degenerating configurations. This must be true in any kind of loop structures of chains. However, this point is missing in the arguments in the previous literature.
1-9
Do more compact folded structures exist? Yes, they do. Since there is one threefold symmetry axis in the structure of Eq. (1), I can define the helicity or chirality S of this folded structure by S = 0. By the aid of this concept of helicity, I can discriminate more folded structures with the right-(left-) handedness where there is no three-fold symmetry axis and hence I define helicity of S = 1(−1). This folded structure of S = 1 is given by
and that of S = −1 is given by its conjugate of the exchange between g + and g − by mirror symmetry. Here there are 24 geometrically equivalent folded structures for each helicity. In this way, I find totally 72 geometrically equivalent degenerating folded structures in the magic snake model. All these are regarded as one structure once the 24 positions of local and nonlocal interactions of the chain are glued, however. Therefore, the compactness of all these is the same. This is the meaning of the geometrically equivalent degenerating structure. What is the function of the folded structure of the magic snake chain? Amazingly, from its geometry, there is a cubic space with volume of two segments in the center of the folded structure. Therefore, this shape of the folded structure is nothing more than a kind of shell which can contain something inside. Hence, the function of the folded structure of the magic snake is a container. This function resembles and is reminiscent of that of many real globular proteins such as cytochrome c in which a molecule like the haem group is contained. 6 There is another function that comes from duality of the folded structure. The folded structure can be reversed by exchanging the role of the even and odd number segments of the magic snake chain such that the reversed folded structure is identical to the original one. In this sense, the folded structure is self-dual.
Next, let us consider the stability of the folded structure. To do so, one needs consider the Hamiltonian of the system. Following the arguments in Ref. 9, I introduce the following model Hamiltonian:
where I have defined as the configurational energy: H c = i<j ∆(r i − r j )E σiσj ; the rotational conformation energy:
; the interaction energy between the segments of protein and the surrounding medium: H m = i s σi h σi ; the electronic energy: H el = i,j {t ri,rj + v i δ ij }c † i c j ; the rigid body rotation energy:
Here, ∆(r i − r j ) = 1 if r i and r j are adjoining lattice sites but i and j are not adjacent in position along the sequence, and ∆(r i − r j ) = 0 otherwise. Depending on the types σ i of segments in contact, the interaction energy E σiσj is considered. Therefore, this accounts for the local and nonlocal interactions along the sequence of the chain.
5 U φi,i+1 is the rotational energy with angle φ i,i+1 between adjacent segments. h σi represents the energy cost according to the types σ i of the segments along the sequence of the chain, and s σi = 1 if the segment of type σ i faces the surrounding medium, s σi = 0 otherwise. t ri,rj means the hopping integral between segments, r i and r j such that t ri,rj = 1 if r i and r j are located in adjacent or adjoining segments along the sequence of the chain, t ri,rj = 0 otherwise, v i the potential at segment i and c † j the electron creation operator. I is the moment of inertia of the protein and Ω the angular velocity. For example, if the hydrophobic (H) and hydrophilic or polar (P) segments are taken into account, then E HH , E HP , E PP , h H , h P are assigned.
9 And, for the cis, trans, right gauche, and left gauche configurations, U c , U t , U g + , and U g − , are assigned, respectively. However, in the standard arguments in the previous literature, 9 only the configurational energy, H c , is taken into account for the PF.
The model Hamiltonian H can be defined over any conformation of the magic snake model, represented by a string with 23 letters of c, t, g + , g − . For the unfolded linear chain structure of t 23 , there is no contact energy of local and nonlocal interactions of the chain. And suppose that the rectangular faces cost energy in a medium. There are 24 such faces in the linear chain configuration. Hence, the total energy is given by
where E unfold el stands for the electronic energy of the linear chain. For the folded structure of S = 0 [Eq. (1)], there appear the contact local and nonlocal interactions at seven positions between 1 and 24, 1 and 19, 3 and 9, 5 and 23, 7 and 13, 11 and 17, 15 and 21 segments along the sequence of the chain, respectively. And there are 12 rectangular faces outward. Hence, the total energy is given by
where E S=0 c = E 1,24 + E 1,19 + E 3,9 + E 5,23 + E 7,13 + E 11,17 + E 15,21 and I have assumed that U g ± = U g and the angular frequency Ω is the same as that of the unfolded structure. Notice here that E c mainly comes from the interactions between odd number segments while h σi comes from even number segments in this model. Similarly, I can obtain the total energy E fold S=±1 for the folded structure of S = ±1, respectively. Here, the energy E fold el is the same for all S = 0, ±1 since the coordination for electron hopping is almost same except the potential that is assumed to be 0, and the moment of inertia I fold is also the same for these structures since the compact structures are all identical. And I now find
where E S=±1 c = E 1,24 + E 1,13 + E 3,9 + E 5,23 + E 7,19 + E 11,17 + E 15,21 , which is due to mirror symmetry of the folded structures with helicity of S = ±1. And I can, of course, do the same thing for any conformation of the magic snake.
Which energy is the lowest among the four energies of E unfold and E fold S=0,±1 ? This is carried out if and only if the amino acid sequence defining conformational interactions and potentials for the 24 segments along the chain is assigned. For the sake of simplicity, I assume that the sequence is given by an alternative repetition of the H and P segments such as HP HP HP HP HP HP HP HP HP HP HP HP .
In this case, Eqs. (4)- (6) yield
And E unfold el > E fold el and I unfold > I fold are always valid. 14 Therefore, if I assume U t = U g , E ij < 0 and h P = −h H = h < 0, then I conclude H unfold > H fold S=0,±1 . Next, consider the energy difference between the folded structures of S = 0, ±1, which is defined by
For the magic snake model with the particular sequence of Eq. (7), it is natural to assume that E 1,19 = E 3,9 = E 5,23 = E 7,13 = E 11,17 = E 15,21 = E 1,13 = E 7, 19 since all these are interactions between the same H-type of segments, except the interaction between the ends of the chain, E 1,24 . Hence, the three ground state energies of the folded structures of S = 0, ±1 are degenerate. Therefore, as long as the sequence of Eq. (7) is concerned with, the ground state energy is 72-fold degenerate. This is a consequence of commensurability of the potential arrangement with the folded structure. What can I do for other sequences? Of course, I can do the same thing for this case, too. But much more fascinating idea to the problem is to use the concept of broken symmetry. Consider a sequence that is a bit different from the sequence of Eq. (7). This discrepancy may cause broken symmetry of the chain to yield the nondegenerate ground state so that one of the folded structures is more favorable. For any sequence, it may also hold true to destroy the 72-fold degenerating ground state to produce a unique ground state of the magic snake chain. This situation provides a hint to consider the relationship between the unique ground state of the system and the sequence of the chain. Hence, I speculate that this may be also true for the real PF problem. Thus, in this sense the second genetic code problem is related to broken symmetry of the degenerate ground state energy to the unique ground state in the real PF.
In conclusion, I have discussed a toy model of Rubik's magic snake in order to elucidate the conceptual framework of the PF problem such as the model Levinthal paradox, the nonunique folded structure, the function of the chain, and the ground state energy of the system. The ground state energy is highly degenerate for the particular sequence of Eq. (7) as a consequence of high possibilities of commensurability, and is destroyed by an arbitrary sequence as a broken symmetry to reach a unique ground state energy. This type of argument may be useful to further investigate the intriguing nature of the PF.
